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Appendix D: De-Markoving and De-trending Flow Sequences

Let 

 be an arbitrary observed sequence of annual flows spanning a period of 

 years from 

 to 

. The sequence can be represented as 

, where 

 and 

 denotes the year prior to the year of the initial observation, 

. 

Estimate of Trend

The flow at time t is presumed to be the sum of a random component, 

, and a component, 

:
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(D-1)

where 

. If 

, then 

, whereby the sequence 

 is a realization of a stationary stochastic process. If 

, then 

 is a realization of a stochastic process that is nonstationary in the mean. The rate at which the mean changes with time is a constant equal to 

. 

The estimate of trend is given by the regression of the time on flow:
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where
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and
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The coefficient 

 is an estimate of 

.

The correlation between 

 and 

 is given by
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where 

 is obtained from Eq. (6) and 

 is obtained from
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Let 

 denote a linear transform of 

,
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whereby
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The estimate of trend for the transformed sequence, 

, is
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where
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In the case where 

 and 

, the sequence 

 is referred to as the sequence of standardized flows for which the estimate of trend is
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Estimate of Persistence

Markovian persistence is defined as
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where 

 and 

 denote the mean and standard deviation of 

 

, and 

 is a random component distributed independently of 

 with zero mean and unit variance 

. Persistence is measured by the first order autocorrelation coefficient 

, where 

. Higher order autocorrelations, 

, are related to 

 as
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where 

.

If 

, then
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in which case the iid assumption holds.

Under the assumption that 

 is a realization of a stationary stochastic process, the extent to which the process is persistent may be measured by the 

 order autocorrelation coefficient,
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Residual Trend and Persistence

The coefficients 

 and 

 are estimates of the degrees of trend and persistence in a given sequence, 

. To measure the extent to which trend is compromised by persistence and conversely, the sequence may be de-Markoved and de-trended. 

De-Markoving yields the sequence 

, where
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where 

 and 

 denote the estimates of 

 and 

 and 

 denotes the estimate of 

. Refer to Eqs. (D-3), (D-10) and (D-18). The measure of trend in the de-Markoved sequence, referred to as the residual trend, is denoted as 

. 

De-trending yields the sequence 

 where 
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The measure of persistence in the de-trended sequence, referred to as the residual persistence, is denoted as 

.

Hypothetical Sequences

The effects of de-Markoving and De-trending on estimates of trend and persistence is illustrated by hypothetical sequences of length 

 corresponding to the length of the selected sequences in the Upper Mississippi and Missouri basins. Trend is taken to be 

  and persistence is taken to be 

. It is assumed that the hypothetical flows are normally distributed with zero mean and unit variance. See Table D-1.

Table D-1: Trend and Persistence in Hypothetical Sequences



Trend



Persistence



Obs.
DT
DM

Obs.
DT
DM


=0


-0.002
0.000
0.000

-0.053
-0.052
-0.003


0.006
0.000
0.006

-0.047
-0.061
-0.001


0.008
0.000
0.008

-0.037
-0.061
-0.001


0.010
0.000
0.010

-0.024
-0.061
-0.002


0.012
0.000
0.011

-0.008
-0.061
-0.004


0.013
0.000
0.013

0.009
-0.061
-0.006


0.015
0.000
0.014

0.029
-0.061
-0.009


0.017
0.000
0.015

0.050
-0.061
-0.013


0.018
0.000
0.017

0.072
-0.061
-0.017


0.020
0.000
0.018

0.096
-0.061
-0.023


0.021
0.000
0.018

0.121
-0.061
-0.030


=0.2


-0.002
0.000
0.000

0.142
0.142
0.010


-0.001
0.000
0.001

0.141
0.142
0.010


0.003
0.000
0.004

0.148
0.142
0.011


0.005
0.000
0.006

0.157
0.142
0.011


0.008
0.000
0.008

0.169
0.142
0.010


0.010
0.000
0.009

0.183
0.142
0.008


0.012
0.000
0.011

0.200
0.142
0.005


0.014
0.000
0.012

0.219
0.142
0.002


0.016
0.000
0.014

0.240
0.142
-0.003


0.018
0.000
0.015

0.263
0.142
-0.009


0.019
0.000
0.016

0.286
0.142
-0.015


=0.4


-0.001
0.000
0.000

0.343
0.341
0.017


0.001
0.000
0.002

0.342
0.341
0.018


0.004
0.000
0.004

0.346
0.341
0.017


0.006
0.000
0.005

0.353
0.341
0.015


0.008
0.000
0.006

0.363
0.341
0.012


0.010
0.000
0.008

0.374
0.341
0.009


0.012
0.000
0.009

0.388
0.341
0.005


0.014
0.000
0.010

0.403
0.341
0.000


0.016
0.000
0.011

0.419
0.341
-0.006


0.018
0.000
0.012

0.437
0.341
-0.012


0.020
0.000
0.013

0.455
0.341
-0.019

Table D-1: Assessment of Trend and Persistence  in Hypothetical Sequences (Continued)



Trend



Persistence



Obs.
DT
DM

Obs.
DT
DM


=0.6


-0.002
0.000
-0.001

0.548
0.548
0.008


0.001
0.000
0.001

0.548
0.548
0.010


0.004
0.000
0.002

0.551
0.548
0.008


0.006
0.000
0.004

0.556
0.548
0.006


0.008
0.000
0.005

0.562
0.548
0.003


0.011
0.000
0.006

0.570
0.548
-0.001


0.013
0.000
0.007

0.579
0.548
-0.006


0.015
0.000
0.008

0.590
0.548
-0.011


0.017
0.000
0.009

0.601
0.548
-0.016


0.019
0.000
0.009

0.613
0.548
-0.022


0.020
0.000
0.010

0.626
0.548
-0.028


=0.8


-0.005
0.000
-0.003

0.757
0.757
-0.022


0.000
0.000
-0.001

0.757
0.757
-0.016


0.002
0.000
0.000

0.757
0.757
-0.017


0.005
0.000
0.001

0.759
0.757
-0.019


0.007
0.000
0.002

0.761
0.757
-0.022


0.010
0.000
0.003

0.765
0.757
-0.025


0.012
0.000
0.003

0.769
0.757
-0.028


0.014
0.000
0.004

0.775
0.757
-0.032


0.016
0.000
0.005

0.781
0.757
-0.036


0.018
0.000
0.005

0.787
0.757
-0.040


0.020
0.000
0.006

0.794
0.757
-0.044

From Table D-1 it is noted that de-trending fully accounts for the estimated trend in a sequence, but has little effect on persistence. On the otherhand, de-Markoving almost fully accounts for persistence and more effectively accounts for trend the more persistent the sequence is. 

Statistical Significance

To effectively assess the effects of de-trending and de-Markoving, account must be taken of the degree to which the estimates of trend and persistence are statistically significance. 

At issue is whether or not the null hypothesis of no trend, 
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(A)

holds before de-Markoving and whether or not the null hypothesis
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(B)

holds after de-Markoving.

Also at issue is whether or not the null hypothesis
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(C)

holds before de-trending and whether or not the null hypothesis
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(D)

after de-trending.

Assume that each of the null hypotheses hold and that 

, 

 and 

 are each normally distributed. The statistic 

, defined as
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where 

 is distributed as Student with 

 degrees of freedom, where 

. Refer to Eq. (D-7). A value of 

 is significant at the 5% level if 

 and 

 is significant at the 1% level if 

. 

Persistence is taken to be significant at the 5% level or the 1% level if the value of 

 is greater than 

 or greater than 

, respectively.

The effectiveness of de-Markoving and de-trending in reference to sampling errors is illustrated via three 10 sequences from each of three “populations”:
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For each population, “flows” are normally distributed with zero mean and unit variance. See Table D-2.

Table D-2: Sampling Variability in Trend and Persistence among Hypothetical Sequences



Trend



Persistence


Sequence
Obs.
DT
DM

Obs.
DT
DM


=0, =0.014

1
0.007
0.000
0.010

-0.219
-0.248*
0.040

2
0.017**
0.000
0.016**

0.073
-0.050
-0.010

3
0.012*
0.000
0.010

0.027
-0.012
-0.040

4
0.020**
0.000
0.018**

0.197
0.040
0.003

5
0.009
0.000
0.008

0.014
-0.024
-0.001

6
0.017**
0.000
0.017**

0.047
-0.094
-0.004

7
0.021**
0.000
0.015**

0.207
0.071
-0.034

8
0.015**
0.000
0.012*

0.166
0.083
-0.035

9
0.001
0.000
0.000

0.193
0.192
0.021

10
0.020**
0.000
0.018**

0.098
-0.066
-0.015










Average
0.014
0.000
0.012

0.080
-0.011
-0.007

Stdev
0.006
0.000
0.005

0.122
0.113
0.024


=0.4, =0

1
0.005
0.000
0.000

0.507**
0.503**
0.062

2
-0.004
0.000
-0.001

0.170
0.168
-0.020

3
0.002
0.000
0.002

0.299*
0.298*
0.066

4
0.011*
0.000
0.005

0.539**
0.516**
0.004

5
-0.002
0.000
-0.002

0.324*
0.324*
0.082

6
-0.002
0.000
-0.001

0.326*
0.326*
0.012

7
-0.004
0.000
-0.003

0.259*
0.254*
0.009

8
-0.002
0.000
-0.002

0.220
0.219
-0.020

9
0.004
0.000
0.001

0.280*
0.279*
0.130

10
0.011*
0.000
0.007

0.412**
0.385**
0.090










Average
0.002
0.000
0.001

0.334
0.327
0.042

Stdev
0.005
0.000
0.003

0.113
0.107
0.049


=0.4, =0.014

1
0.017**
0.000
0.011

0.366**
0.280*
0.021

2
0.023**
0.000
0.011*

0.410**
0.240*
-0.046

3
-0.008
0.000
-0.005

0.385**
0.369**
0.094

4
0.027**
0.000
0.015*

0.560**
0.375**
-0.052

5
0.027**
0.000
0.010

0.609**
0.448**
-0.056

6
0.002
0.000
-0.001

0.460**
0.460**
0.085

7
0.024**
0.000
0.011

0.579**
0.439**
-0.074

8
0.011
0.000
0.007

0.354*
0.315*
-0.022

9
0.014**
0.000
0.007

0.390**
0.352*
-0.079

10
0.021**
0.000
0.009

0.541**
0.451**
-0.063










Average
0.016
0.000
0.008

0.465
0.373
-0.019

Stdev
0.011
0.000
0.006

0.092
0.073
0.061

From Table D-2, it is noted that


i)
null hypotheses A and C are infrequently rejected when in fact it is true;


2)
De-trending fully accounts for trend whether the null hypothesis A is true or not;


3)
De-trending yields residual values of persistence that are somewhat smaller than the estimated values of persistence;


4)
If the null hypothesis C is true, de-Markoving has little effect on trend but it tends to yield values of residual persistence that are considerably smaller than the estimated values of persistence;

 
5)
If the null hypotheses A and C are false, de-Markoving tends to render significant trend and significant persistence insignificant; 


6)
If the null hypotheses A and C are false, de-trending fully accounts for trend, but has little effect on the significance of persistence.

The effects of de-trending and de-Markoving the hypothetical flow sequences

are shown graphically in Figures D-1 and D-2.
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