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Appendix H: Merged Distributions

A merged distribution is a distribution whose left and right tails are given by two distinct probability laws. In this study, it is presumed that the right tail follows the Normal distribution, and the left tail the Weibull distribution. Although the Pearson Type III distribution might be of greater hydrologic interest in describing the left tail, the Weibull distribution is more analytically tractable as it can be expressed explicitly in the form of its cumulative distribution function, its probability density function or its inverse function. As the purpose here is to examine how the tails interact, then it is sufficient to consider for the left tail a distribution that admits both positive and negative skews. The merged distribution is referred to as the Weibull/Normal distribution. A complete Weibull (Normal) distribution is a merged distribution where both tails follow a Weibull (Normal) distribution.

Two merged distributions are considered. For both, the right tail follows the Normal distribution. For one of the merged distributions, the left tail follows a Weibull distribution that is bounded below, and for the other merged distribution, the left tail follows a Weibull distribution that is unbounded below. The latter Weibull distribution is what is often termed the Type 3 extreme value distribution.

Complete Weibull and Normal Distributions

The complete Weibull distribution for 

 is bounded below and may be expressed in its cumulative and density forms as 
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where the parameters of location, 

, scale, 

 and shape, 

 may be expressed in terms of the mean, 

, variance, 

, and skewness, 

,, as well as the kurtosis, 

, as
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The skewness, 

, and the kurtosis, 

, are functions of only the shape parameter, 

. 

As 

, the probability meass tends very rapidly to become concenetrated at the modal value 
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The median is given by the solution of 

,
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For 

, the complete Weibull distribution is unbounded below and may be expressed in its cumulative and density forms as
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where the parameters of location, 

, scale, 

 and shape, 

 may be expressed in terms of the mean, 

, variance, 

, and skewness, 

,, as well as the kurtosis, 

, as
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For the complete Weibull unbounded below, the modal and median values are given by
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The Normal distribution can be expressed explicitly only in its density form,


 EMBED "Equation" \* mergeformat  


(H-17)

where the location parameter, 

, and the scale parameter, 

, in terms of the mean and varirance are simply
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The skewness and kurtosis are constant, namely
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For the complete Normal distribution, the modal and median values are equal to the mean.

Merged Weibull and Normal Distributions

For a merged Weibull/Normal distribution, where the left tail follows a Weibull distribution bounded below and the right tail follows a Normal distribution, the cumulative and density forms are 
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where 

 is given by Eq. (H-8).

For a merged Weibull/Normal distribution, where the left tail follows a Weibull distribution unbounded below and the right tail follows a Normal distribution, the cumulative and density forms are
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where 

 is given by Eq. (H-13).

The merged Weibull/Normal distributions are defined by 5 parameters, namely, 

 and 

. The parameters 

 and 

 are related to the parameters 

, 

 and 

. The left and right tails are joined at the median, whereby,
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for the merged Weibull/Normal distribution bound below, and


 EMBED "Equation" \* mergeformat  


(H-27)

for the merged Weibull/Normal distribution unbound below. It is presumed that there is no discontinuity in the tails at the median, whereby, for the merged Weibull/Normal distribution bound below,
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It follows that
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whereby,
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For the merged Weibull/Normal unbound below
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whereby,
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The relations between the parameters and the statistical characteristics, namely, the mean, 

, variance, 

, skewness, 

, and kurtosis, 

, can not be expressed explicitly. For 

 and 

, values of mean, variance, skewness and kurtosis for specific values of 

 are given in Table H-1 for the complete Weibull and merged Weibull/Normal distributions that are bounded below, and in Table H-2 for the complete Weibull and merged Weibull/Normal distributions that are unbounded below.

Table H-1: Statistical Characteristics for Specific Values of 

 – Distributions Bounded Below 
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Complete Weibull

3.59
0.90
0.08
0.00
2.72

3.40
0.09
0.08
0.05
2.71

3.21
0.90
0.09
0.10
2.71

2.90
0.89
0.11
0.02
2.74

2.76
0.89
0.12
0.25
2.76

2.21
0.89
0.18
0.50
3.02

1.83
0.89
0.25
0.75
3.48

1.55
0.90
0.35
1.00
4.16

1.36
0.92
0.46
1.25
4.98

1.21
0.94
0.61
1.50
6.02

0.99
1.00
1.03
2.00
8.87


Merged Weibull/Normal

4.23
0.92
0.06
0.00
2.90

3.84
0.91
0.07
0.05
2.86

3.49
0.90
0.08
0.10
2.82

2.92
0.89
0.11
0.20
2.77

2.67
0.88
0.12
0.25
2.76

1.74
0.86
0.22
0.50
2.81

1.12
0.83
0.36
0.75
3.05

0.68
0.79
0.53
1.00
3.48

0.36
0.68
0.61
1.25
4.08

0.11
0.17
0.06
1.50
4.86

Table H-2: Statistical Characteristics for Specific Values of 

 – Distributions Unbounded Below 
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Complete Weibull

3.59
-0.90
0.08
-0.00
2.72

3.40
-0.90
0.08
-0.05
2.71

3.21
-0.90
0.09
-0.10
2.71

2.90
-0.89
0.11
-0.20
2.74

2.76
-0.89
0.12
-0.25
2.76

2.21
-0.89
0.18
-0.50
3.02

1.83
-0.89
0.25
-0.75
3.48

1.55
-0.90
0.35
-1.00
4.16

1.36
-0.92
0.46
-1.25
4.98

1.21
-0.94
0.61
-1.50
6.02

0.99
-1.00
1.03
-2.00
8.87


Merged Weibull/Normal

2.88
-0.88
0.12
0.00
2.96

2.60
-0.87
0.15
-0.05
3.01

2.38
-0.87
0.18
-0.10
3.06

2.06
-0.86
0.25
-0.20
3.19

1.93
-0.85
0.28
-0.25
3.27

1.51
-0.84
0.48
-0.50
3.76

1.27
-0.84
0.70
-0.75
4.44

1.12
-0.85
0.96
-1.00
5.28

1.01
-0.87
1.25
-1.25
6.32

0.93
-0.90
1.57
-1.50
7.50

0.81
-0.96
2.39
-2.00
10.60

Eqs. (H-22) and (H-23) define merged Weibull/Normal distributions that are right tail Normal and left tail sub-Normal. See Figures H-1, H-2 and H-3. Eqs. (H-24) and (H-25) define a merged Weibull/Normal distributions that are right tail Normal and left tail super-Normal. See Figures H-4, H-5 and H-6.
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